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Ereface

This report is the result of my endeavors to investigate the ability
of the Phase-lock Loop to operate in a Type Two and Type Three Configur-
ation. The primary method of analysis is the Analog Computer Simulation.
Servo Analysis is also utilized and the two compared, Step, Ramp, and
Parabolic inputs are used separately, in a random process.

All the bibliography listed on Pages 61 and 62 is not referred to
directly in this report; however, the oomplete recording of all availe
able literature on the Phase-Lock Loop will serve as a valuable aid to
any advanced study in this field.
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Definition of Symbols

Definition
Change in frequency, step, radians/sec

Change in frequency (ramp) radians/sec

Change in frequency (parabolic) radians/sec
Basic oscillator frequency radians/sec

Control signal woltage to VCO, volts

Change in frequency, cps

Gain constant of phase detector, volts/radian
Gain constant of notch filter

Loop filter transfer function

Gain constant of low pass filter

Gain of constant of VCO, radians per sec, per wlt
Modulation Product Signal, wlts

Amplitude of output signal from input oscillator
Amplitude of output from Voltage Controlled Oscillator
Frequency of Input Oscillator, rps

Frequency of Voltage Controlled Oscillator, rps
Phase angle of Input Oscillator radians

Phase angle of VCO radians

Phase error, radians

Forward loop adjustable gain

Tctal forward loop gain

Phase Error Detector Voltage, wolts

Approximately equal

ix



Defined as

Not equal to

Forward transfer function
Feedback Transfer function
Peak overshoot

Time to peak overshoot
Settling time

Peak to peak woltage, volts
Step statlic error coefficlient
Ramp static error coefficient
Parabolic static error coefficient
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Abstract

This report is the result of an investigation and simulation of
a Type Two and Type Three Phase-Lock Loop. Standard Root locus Analysis
and Analog Computer Simulation were both accomplished, and the results
compared. Step, Ramp, and Parabolic inputs were tested separately and
in a random sequence to obtain the response of the Phase-Lock Loop.

This report demonstrates that it is possible to operate the
Phase-Lock Loop in Type Two and Type Three configuration with large
variations in the basic frequency. Recommendations for further study
and physical realization are made.
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INVESTIGATION AND ANALOG SIMULATION OF
THE TYPE TWO AND
TYPE THREE PHASE-LOCK LOOP

4. Intreduction

The advent of the Space Age has introduced the Phase-Lock Loop
(PLL), also known as Automatic-Phase-Control, into the foreground of
commnications. The ability of the PLL to receive a weak FM signal
from outer space, increase the power level, and attemmate the noise,
has been widely used in Space Telemetry. The major advantage of the
PLL is that the loop separates the gain of the system from phase
stability. This is helpful, because additional amplifiers may be added
to the loop without being concerned about the phase stability of the
individual amplifier. The PLL also tends to isolate the output
amplitude from the input amplitude, which reduces the power require-
ments to a relatively low level. lLow power leads to transistorized
circuitry which explains the wide use for space oommunications.

One important use in the field of video transmitters is the Auto-
matic Three Dimensional Zlectronics Scanned Array (Ref 14), PLL is
also used in advanced FM/PM telemetry systems, such as the Phase Coherent
Detection System (Ref 19).

Basically, the FLL 1s used to synchronize an oscillator with a
low power reference signal. The main oomponent of a PLL is shown in
Figure 1.

The electronic loop consists of a Phase Detector, a Voltage
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Controlled Oscillator (VCO) and a loop or Low Pass Filter (Ref 7),
The operation of the system is best understood by assuming that the
frequency ( co, ) of input oscillator is equal to the frequency (c.; )
of the VCO., The D.C. output of the phase detector is proportional to
the phase difference between the input oscillator and VCO. If the
frequency of the input oscillator tends to change, the phase difference
will change first and present a correction woltage to the VCO to main-
tain the VCO at the same frequency. The Loop Filter removes the harmonics
that are generated in the Phase Detector. This system is unique in
that the frequency remains unchanged, a characteristic which would be
impossible in an Automatic Frequency Control System (Ref 12).

Previous Work
Lt. Wendland (GGC-62) investigated the feasibilities of using the

Type One PLL as a feedback amplifier for use with a Nuclear Magnetic
Gyroscope. His preliminary investigation demonstrated that the PFLL
will perform satisfactorily, provided the inputs are step change in fre-
quency, and a finite constant phase error can be tolerated. Lt. Wend-
land's preliminary investigation also concluded that the phase of any
amplifier added to the circuit was negligible (Ref 19),

To optimize the PLL, it is necessary to have zero phase and fre-
quency error under random inputs. In order to acocomplish this, the
system type must be increased. This investigation will attempt to in-
crease the type of the system used by Lt. Wendland and to reduce the
phase error when operated under step, ramp, parabolic, and random
inputs.
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Analysis Procedure
The analysis procedure used in this investigation was designed to

demonstrate clearly the function of the PLL when operated under Type
T™wo and Type Three conditions.

Mothod of Anglysis. The major method of analysis selected for this
investigation was physical simulation on the Analog Computer. The
computer results were oompared, when possible, with normal feedback
control system Root Locus techniques. The Analog similation was used
for three reasons.

(1) The PLL is conocerned with two basic quantities, frequency
and phase., The frequency is, by definition, the time rate of change
of the phase. 6( - g%‘a) Because of this interrelation, the two ocan-
not be completely separated in any system. The Analog simulation
retains these two in their prospective within the system.

(2) The phase detector is basically a non linear deviocs. Because
of the presence of a non linear devioe in PLL, the dynamic analysis be-
ocomes extremely difficult. These non linearities are all taken into
acoount by Analog simulation, which simplifies the problem of dynamic
analysis.

(3) Analog Computer simulation provides a permanent set of graphs
vhich can be used for study and evaluation.

2an of Investigation. The basic Analog simulation components used
by Lt. Wendland were redesigned and improved to produce a Type Two and
a Type Three system. The loop was then connected and analyzed to de-
termine its dynamic response characteristics.
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The investigation continued with the theoretical analysis of the
PLL. The loop's Root Locus were plotted by means of the IEM 1620
Digital Computer. The program was derived from a thesis written by
Lt. H.M. Paskin with improvements made by Captain C. W, Richards, Jr.
The program is given in Appendix B. The results will then be compared,
The concluding chapter will contain oconclusions and recommendations
for further study and experiment.
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. Analeg Computer Simulation
for the Phase-lock loop

The individual components of the PLL are designed and simulated
separately, and then formed into a loop as shown in Figure 2.

The basic frequency of 5 rps was chosen because of the design of
the input 0SC and VCO and the frequency range of the ocmputer. In
actual operation, the frequency of the PLL is 10 to 20 kops., This
means that 10 seconds on the simulation is equivalent to approximately
10 milliseconds in the actual system.

oyt Qsclllator Simulation

The Input Oscillator requires a variation in frequency tantamount
to ¢co = 5 rps without changing the amplitude of the output. As can
be seen in Figure 2 both the COS c., t and SIN .., t mst be generated by
the Input Oscillator. The basic sin cos generator in Figure 3 must be
modified slightly to meet the above requirements. The <o 4in Figure 3
oould not be changed smoothly and evenly. In Figure 4, the potenti-
ometers </G are replaced by servo potentionmeters. The potentiometers
must be equally loaded or they will change the amplitude when large
step, ramp, or parabolic changes in frequency are made. When Aco = 0,
the potentiometers are set at .5. This makes the ocsnter frequency of
the oscillator 5 rps. With the proper value of Aco, the co, of the
oscillator will vary over a range of sero to ten rps.

Ehase Detoctor Simlation
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The phase detector is the most critical part of the PLL. For this
reason an electronic multiplier is used to simulate the phase detector.
The simulation is shown in Figure 5. The most accurate type multiplier
available on the Electronic Association Incorporated Computer, which was
utilized in this investigation, is the Quarter-Square Type. Diodes are
used to generate the square waves for a quarter or square multiplier

where

2 o2
xy=+% [(x-ﬁy) - (x=-y) ] )

The multiplier requires both signs of the input variables. The conneo=
tion made to S and G effectively remove the normal feedback resistor
(Ref 6). The proper scale factor and sign at the output amplifier is
best determined Ly solving the current equation at the amplifier summing
Junction, as illustrated in Figure 6.

Motch Filter Simmulation
The notch filter used is the one designed by Lt. Wendland (Ref 19),

The filter consists of two paths. One path has a unity gain and the
other contains a high phase filter set enabling the notch to attemuate

the second harmonic (2 > £ ), The high pass filter assumes the form of
o

4 -4
Hi(s) = Ty + W =H ( jo) (2)
10

From the log magnitude and angle plot in Figure 7, one can see
that if co < 10 rps, the signal will be attemmated, and when cu>10 rps
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the signal will pass at gain 1. When<o = 10 rps, the signal will have
a gain of one, but will be 180 out of phase. Lffectively, the high
pass filter is replaced by an amplifier,and the output is zero.

Cascading four s/8 + 10)circuits together will give the simulation
of the high pass filter. Two methods of simulation are possible, as
shown in Figure 8. The second one was used because of the high forward
gain in mumber 1, The complete computer simulation for the Notch Filter
is in Figure 9.

Theoretically, this Notch Filter will only suppress the second
harmonic ate> = 10 rps as can be seen in the experimental Lag Magnitude
Plot in Figure 10. The Notch Filter performed satisfactorily for the
range of ¢ used in this investigation,

Loop Filter Simation

Most Loop or Low Pass filters are represented by factored transfer
functions. The only restriction on the transfer function is that the
order of numerator be equal to or less than the denominator. The facte
ors of the transfer function are first simulated and then cascaded to
form the low pass filter. The factors fall into three general forms,
the simulation of which is shown in Figure 11. The simmlation of the

low pass filters used in this investigation is found in Appendix Figure
A-ZQ

Yoltage Controlled Oscillater Simlation
The VCO, as its name implies, states that it must tolerate being
controlled by a voltage. In addition, both the cos and sin mst be

16
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generated to provide the feedback and phase error detector inputs, and
the amplitude of the output must be independent of any change in fre-
quency. These requirements are the same as the Input Oscillator. The
VCO is basically the same as the Input Oscillator, If A is replaced by
Bandco, by <, , the simulation is shown in Figure 4.

Ehase Shifter Simulation
In order to start the Input Oscillator and the VCO at relatively

equal phase and to prevent the stability point from shifting, a phase
shifter was placed in the feedback loop. The feedback is B SIN (wyt+ ¢)
with the shifting circuit controlling o .
The basis for the circuit is the trigonometric identity
SIN(a+Db)=SINa COSb+COSa SIND (3)
let

as c,t
b=g
it becomes

SIN (co,t + ) = SIN eyt COSQ+COScu,t SIN & (&)
Figure 12 demonstrates the basic computer diagram while Figure 13 shows
the circuit as it appears in the loop (Ref 19).

Yoltage Coptrolled Oscillator lecking Simlation

Due to the inherent instability of the Analog Computer, the inte-
grator drifts, and the power loss in the feedback capacitors, the amp-
litude of VCO tends to change when large or rapid variations in A co
are attempted. In order to completely analyze the phase of the FLL,

18
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the amplitude of the VCO is locked to the correct value.
In any oscillator, the
ol ol 2 L
A COS o<+ A SINoc= A (COS o< + SINoc) = A = constant  (5)
Whenever the amplitude of A changes or drifts to 'Y

o <
X cose< + A sIN #A (6)
Let
<
X = A SIN &< .
y = A COS*e<
o<z cot
then
Ne x+y)=E (7)

where £ is equal to the error of A.

By use of multipliers and summers, [A'- (x + y)] can be gener-
ated, and if fed into each integrator of the oscillator as a negative
or positive damping proportional to € , will maintain A at the correct
level., Figure 14 illustrates the basic computer simulation needed
(Ref 11), If x ( or y ) increases, £ becomes negative, and - £ x/100
becomes positive. When - £ x/100 is fed to the input of an integrator,
the cut;nt decreases,

The simulation used in the PLL, as shown in Appendix Figure A-l1,
can be obtained .
ir

x =20 SINa, t
y =20 COScu, t

The multipliers used are of the Time Division Type, These are used
because of the unavailability of the Quarter Square Type.
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Ehase Lrror Detector Simlation

The Analog Simulation requires that the phase difference between
Input Oscillator and VCO be plotted as an output signal, If the
negative of A SINcu, t and + B COS (e, t + 61,) are totaled, assuming
that A = B and o, = e, then the output is proportional to the phase
angle. Figure 16 demonstrates the theory from which this simulation
is derived, Figure 15 illustrates the actual simulation (Ref 19).
If the amplitudes of the oscillator vary, the phase error woltage
detected will not depend on the phase error alone. With the locking
circuit on the VCO, the reading of the phase error detector more
closely approximates the phase error.

The next step of the investigation oonsists of integrating the
PLL components and obtaining the dynamic responses.
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I1I. Dypamic Apalvsis of the
Simlated Phase~lock leoop

The simulation of the Phase-lock Loop, as shown in Appendix A, was
analyzed to determine the characteristics with different filters uwhich
make the loop Type Two and Type Three., The system was examined with
five filters.

The inputs to the system assumed three forms, step, ramp, ard, in
Type Three, parabolic. In the Type Two system, the step was set at 1
wlt and the ramp at 1 volt/second. In the Type Three system, the step

o2
was 1 volt, ramp was .13 volts/second and parabolic was .13 volts/second .
In terms of frequency

ot Iype Two Zxpe Ihree

step .05 radians/second .05 radians/second
ramp .05 radians/seeondd' .0065 radians/seeond&
parabolic 0065 radians/seoonds

The system was tested by inserting the filter desired and then
applying the various input. The system gain was varied to determine the
limits of G for stability, and to obtain the best operating point.

Two, Type Two filters of the forms

b
Fle): (ss+(:)+(:)+ ) where ¢ >a and b 8)

s* +as+b

F(s): where s*+ a s + b has complex roots (9)
8 (8 + C)
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were attempted, but due to computer instability, oscillations of 8000
aycles/second were generated in the loop and prevented the analysis of
the PLL  (Ref 536 100-105),

The filter used for Type Two (G = 30) is
03 (8 + 01) (r’ 1res 17 M 18) (10)
s (s +.5)
The filter used for Type Two (G = 70) is
.3 (5 + 06) (3 + 01)

P(s) = (Figures 19 and 20) (11)
s (s+1) (s+.5)

F(s) =

The filter used for Type Three (G = 150) is

F(s) = s+ )5z (Figures 21,22 & 23) (12)

s” (s + 8s + 20)

The above figures are typical results for the gain shown. The
figures oonsist of five separate graphs which correspond to the
recorder channels in Appendix A. All scales are marked in volts and
the time scale is 5 seconds/om.

The first curve, A SINc,,t is the sine output from the input

oscillator in the simulation circuit. The frequency is five radians/sec-

ond up to the point where the input is applied. When the input is
applied, the frequency becomes c, + A co where dco is a step, ramp,
or parabolic inputs,

The secord curve, B SIN w&t is the sine output of the VCO. The
{requenqy is ) and after initial locking oscillation, will be

27
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equal toc « In theory ) will follow <o, with no error.

The third curve, modulation product (£..) is the output of the
phase detector. This signal is the product of A COS cu, t and B SIN cojpt
and contains harmonics plus a DC level, which is equal to the phase error
as can be seen in Figure 5.

The fourth curve (.£. ) is the control voltage that is applied
to the voltage controlled oscillator after filters of the system re-
move the harmonics. This curve represents the response to the input.
In steady state the curve will assume the form of the input.

The fifth curve (-£.) is the phase error woltage and is obtained
from the phase error detector. The amplitude of this woltage is a
direct measure of the difference in phase between the input oscillator
and the VCO.

The important characteristics of the system are:

1. The type of filter used
2. The gain of the system used
3. The type of input used
4, The type of overall system

After selecting or setting the above, the characteristics of the

system's performance are:
1. The steady state phase error of the system
2. The general characteristics of transient response

Table One gives the comparison of the three systems under step,
rarp, and parabolic inputs. These curves and tables illustrate the
reason for the choosing of the higher degree Type Two filter for
remainder of this report.
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The complete step, ramp, and parabolic responses are given in
Appendix C and Appendix D for the Type Two and Type Three systems re-
spectively.

A limitation of the Analog Computer Simulation is seen in Figure 20
and Appendix Figures C-15, C-17, D-18, and D-21. When a high forward
gain 1s used, the inherent noise of the DC amplifiers used in the
Analog Computer produces a considerable amount of noise in the oontrol
signal.

Stabllity Roint
When the system is started at t = 0, the loop will oscillate until

both frequency and phase of the input oscillator and VCO are exactly
alike. One point of interest is that the loop has the ability to look
at one of two points. Lock can be obtained at 0 or 77 radians phase
difference depending on the initial phase of the input oscillator and
VCO. henever (¢ - ©) is positive and Letween 0 and 77 radians, the
loop will lock in at 0. When (# - o) is negative and between 0 and 77
radians, it will'lock in at 77 radians phase difference. This can
best be seen by looking at the expression for the output of the phase
detector

Lown 25D (2cot + F +0)+ 251N (& - ©) (13)
when the ( & - -6-) 17 negative the IC level 2 SIN ( ¥ - -©-) becomes
negative since

SIN (—o<) = = SIN o< (%)
This negative woltage will tend to decrease the phase of the VCO until
the point where SIN oc= SIN - o= 0 which will happen vhen - & = Tradians,
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This means the loop will lock at phase difference of 77 radiams.
The phase shifter assured that (® - -©) is always positive and will
make the loop lock in at the O radians phase difference stability point.

Statle Phase Exror
From the Phase Error Detector Analysis in Figure 16
/"’/'/":l A Er (15)
Af E, = peak to peak wltage of {,
th
o E, =24 d, (16)
E
LBt a2 a7)
2 A 40
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IV. Iheoretical Servo Analvsls
of the Phase-leck leco

The servo block diagram of the PLL is given in Figure 24, It
is a simple unity feedback system in W , K, represents the gain of
the Phase Detector, while the 1/s term shows the integration of the
frequency which is equal to phase difference.

K, Ka. K_‘. K N(s), F(s) are known, we can plot the Root
Locus. The Root lLocus is a plot of the roots of the characteristic
equation (1 + G H) of the closed-loop system as a function of gain
(Ref 2). From the Root Locus, one can obtain the roots of the character-

istic equation and the important parameters such as, time to peak

overshoot (t,), settling time (¢.), and peak overshoot (™).
M, 1s defined as the maximum overshoot of the steady state value.

tp is the time required to reach the maximmm overshoot. A small T
means a quicker response. ¢, is the time required for the response
to come within two percent of the steady state value., A small Ts
indicates the system tends to be more stable.

Ehase Detector

In this investigation the multiplier was used for the phase de-
tector. The same results could have been obtained by using the balanc-
ed modulator (Ref 19). The output of the phase detector took on the
form in Figure 25.

When using standard computer equipment, the term is divided by 100,
If A=B=20 then X =2
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leep Ellter

The gain K,of the loop filter transfer function is taken arbitrarily
as 3 « The remaining part of the transfer function is dependent on the
type system, and the filtering desired. Two systems, one Type Two and
ons Type Three were finally selected, for analysis. The two filters are

’03 (s+c6) (ﬂ+ol) 18
o) = 7D 75 4
and
e 23 (s2+ 58 +2.5) (s +.1) (19)
¥(2) 82 (s*+8s +20)
lotch Filter

The notch filter transfer function is dependent on the high pass
filter. The determination of the N(s) is given in Figure 26 (Ref 19).

Yoltage Controlled Qscillator

Mjusting the input to the VCO by 100 volts, varies
the VCO frequency by 5 radians. Therefore, the VCO sensitivity is
«05 rps/wlt. Any variable gain mst be multiplied by .05. Lt.
Wendland determined the dynamic transfer function of the VCO to be

28
o () * GTTET e v e T ()

.. K, = (289) (.05) @
(Ref 19:44)
Using normal Servo techniques, the forward transfer function
becomes, for Type Two
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a(s) = Gz(s‘q- 100)(s + .6) (5 + .1)(s + 4 = J2)(s + & = §2) (21)
8% (s+ .5)(s+1)(s+ 6+ J16)(s + 6 = J16)(s + 10)

where G, = (5) (2) (.3) (289) G
H(s) = 1

The Root Locus plots are given in Figures 27 and 28.

For Type Three

G(s) = G, (s‘t+ 100)(s + .1)(s*+ 58 +2.5)(s+ 4+ 2)(s+4 - 12_)(22)
87 (s*+ 8s +20)(s + 6 - 316)(s + 6+ J16)(s +10) ¥

where G _= (5) (2) (.3) (289) c
H(s) = 1

The Root Locus plots are given in Figures 29 and 30.

Figures 31, 32, and 33 illustrate the Root Locus if the poles and
zeros of the VWO and notch filter are neglected. It clearly shows that
great error is presented if we neglect these poles and zeros when oper-
ating with the present filter under Type Three oconditions.

When the poles and zeros of the forward transfer function are
known, the Root Locus was accurately plotted by the Digital Computer,
and the thesis written by Lt. Paskin with improvements by Captain
Richards of the Mathematics Department. The program and operating
instructions for the IBM 1620 are found in Appendix B.

Iheoretical Static Fhase Errer
If A co is the steady state error of the system, then the theor-
etical phase error of the system can be derived.
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From Figure 24
jm/' K, &n- (23)
Le =X, K, F(s) N(s) (24)
Aw=K, L=k K K K_F(s) Ns) (25)
e @n = [ (26)
K/ , 8, B, s )

For a Type Two system
a. For a step imput

Aw‘= ’Cc..) ‘tz;s (27)

K

-}

where xo’ 18 the step static error coefficient, defined as
k' = ’Z‘”‘“S_,o G(s) = oo (28)
(Ref 2:123-129)

CSAw =
and ®@r =0
b. For a ramp input, where !" is the ramp static error ocoefficient

Lim

K = 535 s(s)=K KKK m)/sm !(s){s:o (29)
o Do ). R,
Aco --&)i-?:‘—l — (30)

vhers R is the input (Ref 2:1123-129)

5 O o Qe . Ry (31)
n 1 e g Ny 8 TS z‘, K Kj l, N(s) F(a))*
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In & 1ike manner for Type Thres

(9»-0

for step and ramp imputs
and

@ Ry
V)

= Y F(ayy 2 for bolic inputs, (32)
(x/x.zx3x.,n(3 F(s))* para inpu




GE/EE/62-20

Y. Begults, Conclusions.

Besults
The theoretical values of M, tps and ts, were found using the

oonventional Root Locus methods from the location of the closed loop
poles and zeros. In both cases, there is a real root that must be con-
sidered to obtain the accurate values of M, £, and Cs (Ret 2:11
264-268).

Table Two illustrates the theoretical and experimental values of
Mp tps 5, and Ga. The M,, tp, and t; were determined by the
step response of the system. The @,. was obtained for Type Two from
the ramp, and for Type Three from the parabolic. The values ocompare
favorably.

Stray Yoltage Exror. The amplifiers of the Analog Computer tend
to drift during operation. Any drift in the amplifier is integrated in
the loop and becomes a parabolic error. This error will vary with
different gain or may even change from day to day, or run to run. 4in
example for G = 150 Type Three is given in Figure 35. An error of this
type produces a growing phase error in Type Two, while in Type Three
it produces a constant phase error. This error can be subtracted from
the steady state phase error found in Type Three.

Bapndon Inout Bespomse. The final step in the dynamic analysis of the
Phase-lock Loop was the response of the system under random inputs. To
better exhibit the quality of response of the Type Two and Type Three
system, a Type One system using the filter designed by Lt. Wendland was

53



GE/EE[ 6220
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fampau.}od Of lheonel i nl
AN é_x’k'm;n(ﬂfpl. VAZ UF S
5757‘_5," Experimén tal Thro et real
Type Mo |70 |75 |G (M0 |77 |77 | &,
see | see | Ladians) Sce | Sec |Radans
7 wo
G =70 1.20 | 2.5 | 7.5 | .0625/1.258 | 2.33 |10.1 | .083
Thace
Q=/50 125 | 3¢5 | 7.0 | <075 134 | 3.8 8.2 | 087
Fes)= —

(5+.5} fs\
O/

R (:) . L Y

Type One Filter
Figure W
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examined (Ref 19), This filter is illustrated in Figure 34. The
response of the three systems is shown in Pigures 36, 37, and 38.
The Gains of the three systems are

Type One=ceccccsee=35

40 IR —

Type Three-ee—ee===150
The first five curves are identical to the remainder of the runs. The
sixth curve is an indication of the input to the Input Oscillator. All
scales are in wolts/om and the time scale is 5 seconds/am. These three
curves clearly indicate the tremendous improvements that were accomp-
lished by increasing the type of the general system. lNote the amplitude
scales on the phase error woltage (£~) and on the control woltage
(£, ). The range of frequency variation was fromc 2.7 rps to
o 7.5 rps.

Sonclusions

The results of this investigation clearly demonstrate that the
Phase-lock Loop can bs operated in the Type Two and Type Three config-
uration. A oonstant phase error was necessary to follow the ramp in
Type Two, and the parabolic in Type Three, but the range of frequenay
change was significant. The ocurve in Appendix C and D show that the
frequency can be changed up to 1.5 cu, with satisfactory results. In
terms of a physical system, using a frequency on the order of 10 kocps,

this is a marked improvement over the basic Type One system used ly
Lt. Wendland.
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Recommendations
The computer simulation of the Phase-lock Loop agrees favorably

with the Servo Analysis. The next logical step for further investiga-
tion of the PLL would be to integrate a physical ocomponent into the
computer simulationesecccscs®egs & physical transistorised Phase Deteo-
tor could be patched into the Analog Computer simulation to analyze the
offect of the higher harmonics generated by the phase detector. This
analysis oould be followed bty the building and testing of a completely
physical Phase-Lock loop. This would require a detailed FPhase Detector
and VCO circuitry analysis, in order to determine the effects of the
physical units on the operation of the loop. The variation of the low
pass filter to discover the most acoessible physical realization would
prove to be very interesting. Because of the low power levels used in
the FLL, the physical model would most likely tend to be transistorised
to reduoce the sise and weight.

The comparison between the physical and simmlation loops would add
mach to the knowledge of the analysis of non linear systems.
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I.

PROGRAN ABSTRACT

Title: Computation of Root loci
Subject Classification: 9.k

Authors: Harvey M. Paskin and Charles W. Richard, Jr.
Air FYorce Institute of Technology

Direct Inguires to: Capt. Charles W. Richard, Jr.
Mathematics Department, AF Institute of Technology
Wright-Patterson AF Base, Ohio
CL3-T11ll - Ext. 29115

Purpose /Description: Given the poles and zeros of & rational transfer
function G(s), this FORIRAN progrsa calculates
the roots of the characteristic equation for a
feedback system

1+K0(s) ®0

The locus of one root is calculated at agual
increments in the complex s-plane for monotone
variations of the parsmeter K.

Mathematical Method: Starting at & point on the locus, the next point
is calculated, using a modified Newtoa's method
to satisfy the angle condition

ArgO(I)O(QOJ.)I k-OQ *1' *e’ooo

Restrictions: The number of poles plus the nusber of seros of &(s)
mst not exceed 25. Points on the locus are calculated
only for non-pegative values of the paremster K.

Bquipment ifications: IBM 1620 with 20,000 digits of memory.
1622 card m:mh.

Storage Bequiremsnts: Entire 20K memory.

Additional Remarks: 1. This FORTRAN program vas compiled using the
A¥IT Improved Jortran, 1.1.010. Standaxd
AFIT Fortran subroutines are used including
sbsolute value, except that the Print sub-
routine is modified to carriage return before
printing.
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Add. Remarks: 2. The cbject deck has been compressed, using
an AFIT compresecr. Tae objJect deck
1s sequenced frcm OCL through 279 in columans 78
80. The Fortran source deck is sequencea
from 001 throngh I87 in columns 78 through 80.

3¢ Compared with other methods of computing zeros of
polynocmials, it is believed that this program
achiever decreased running time at the expense of
decreased accuracy. Accuracy of the results is a
function of the number and distribution of the poles
and zercs of 3{s) and the location of the particular
root being computed. For & variety of sample prodlems
the average time %o calculate one point on the locus
was 15 seconds, exclusive of printing, at & worst
known sccuracy «f 4 decimal digits.

DESCRIPTION OF PROGRAM
The transfer function for a feedback system may be written

0,—( 3 )—q‘ K G(s) | > 0,

Go(s) Fo{s) _ _ KP(s)
0,(s) 1+Ki(s) Qs) +KP(s)

vhere the "gain” K is a real mmiber and G{s) is restricted to be &
rational function of s in the fartored form

P(s) 8 -2:)8-25) - (s-2m)
o) #3453 (s 3 ) -m) s o+ (o-p) 2

This program calculates the zeros of the dencminator Q(s) + XP(s) for
non-negative values of the parsmeter K. Starting at a known root of
Q(s) + KP(s) = 0, a locus cf roots, 8, is calculated at fixed increm-
ents, |m , in the complex plane.

S, =X+l

m"lax..l - 'I.I
&R is considered positive for increasing values of the parsmeter K anmd
negative for decreasing values of the parameter K. The valus of K at
each point on the locus is compuied snd ocutput with the real and
imaginary pert of the point.
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IIXI. METHOD OF COMPUTATION

At a root, sy, of Q(s) + KP(s) = O
P{s,)
Q(BL) L "q'r‘_;‘)‘ bt -%

therefore: arg 3/s;) = 7 or an odd mitiple cf 7w
L

1
and B(SL) I- TT

nemmgq)i-ug(sL-zi) 11,2, ¢+ om
@i.“g(’L'Pi) 1ml, 2 ¢¢+n

then

u'BG(lL)-:Z-qu1~% P ={x+1m ko0, £1, £2,

iai

N La_
P
[ 4 ~N aR
= 6\ /"“”
’/l-

8-Plane




GE/EE/62=20

Starting at the point sy, on the »oot Locus & nev test point g is
determined for a given AR and initiai angle O.

s-sL+AR(ccae+1sinO)
A modified Newton's method is used tc determine e 6, to satisfy

arg G(s) - (2k + 1)r = O

This new point e, , = 87 + &R (cos 6y + 1 sin 8y) 1s approximately
on the locus.

If the modified Newton's method fails an alternate procedure, essen-
tially a binary search for 8,18 used for convergence to On.

After convergence to the new poini sul on the iocus the associated
value of the gain K is calzuiated, uaing

n
x| 1 . IQ{’MI‘.}I . ;El 5242 - Py |
'G(‘Lu) | |P(m_1)| ;I:—l[ Iam1 + ’1|

For u more complete description of the mathematical method, see refer-
enc+ 2,

Iv. INPUT FORMAT

A. A problem, cr series cf prodlems, may be input from cards or
typewriter, depending on sense Switca l.

ON: from typewriter
orr

Sense Switak 1
from cards

All data is input without an input fovrmat specified. Therefore, dats
input either from typewriter or cards may te in any form, with or
without a decimal point, or in fioating form. There is one restrict-
ion for carxd input. If input cards have extranecus informstion
punched following the data (such as sequence numbers) ther a record
mark must separate the data from the extraneous information.
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Separate mubers must be separated by one or more commas or blanks
if there is more than one piece of data in the same input recoxd.
There msy not be any blenks within 2 number. If the input is from
the typewriter RELRASE, START should be pressed vhere R/s is indi-
cated belov, If the input is from cards each new value of ",
item (1) below, mst appear as the first piece of data on a separate
card. As many of the nusbers following item (1) as will £it may
be punched on the seme card.

The form and order of the input data are as follows:

(L) | n (R/s) for n > 0, n = the no. of poles of G(s)

(2) | Rep,, Im (R/s) thcnulnnd.hnf.nr:wtofmh
% po, In :} (R/~) |28 By, of &s)

Re Pn; ™r, (R/s)
(3) 1= (R/s) = = the mmber of zeros of G(s)

(¥) | Bes,, nz, (R/s) |the real and pert of each
Be sy, Iz, (R/s) |30 %y of G(s).

Re 5, Iz, (R/a)

(5) | Res,, Ins, (R/s)|the real and imaginery part of

(6) |, w (2/s) | Icrement || = |.m1 -8 l

(6.8)] o (R/s) | Initial search smgle in degrees. If
1n(6) ¥ > 0, this record is not imput.
Thea 0, = O 1f & nev s, has been in-

mt,mo.-o.ofmm
point.

72
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IV. B. Alternate form of input data for subsequent runs.

In subsequent runs for the same transfer function G(s),
the poles and zeros of G(s) need not be input again. The first
reoord, n, is used as a switch.

OPTION 1.

OPTION 2.

n=0 for a nev starting point L
Input date 1s of the form

(1) jo (R/s)
(5) |Res, Ims, (R/s)
(6) | &, w (r/s)

n s -1; tc contimue on same locus dbut with new AR.
Input data is of the form

(1) [-12 (R/s)

(6) |a®, ¥ (R/s)

Manual intervention for new AR on same locus. After
one or mcre points on the locus have been cutput set

Switch 2 and Switch 3 OFF. After ealculating the
cnmntlulthewmmunmt

DELTA R, NO. OF POINTS

1. Reset Svitch 2 and/or 3

Bater from the typewriter
&R, X (R/s)

NOTE: Switches 2 and 3 should be set OFF wvhile the
root 8141 is being printed. Otherwvise, the last point

computed will not dbe output.

C. Comments on the use of the various input options

1. The optional input of an initial search angle O, is
most useful in the vicinity of a point vhere two or more
loci cross. Different 6,’s may be used to obtain points

on the different loci. A nevw 03 my de input, as descridbed

in AS.a, vith either OPTTON 1,

, OF 3 above.

(&
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IV. C. 2. OPTION 1 is useful for odbtaining several loci associated
vith the same G(s). A different locus starts (i.e.,
K = 0) at each of the poles of G(s).

3. OPTION 2 is useful for obtaining more points along a
particular section of s locus. Quite often the gensral
shape of & locus is knovn and more points may be desired
in the area of crossing loci, intercepts with the axis,
etc.

h. OPTION 3 is useful for changing &R, the spacing between
points, based upon the immediate gﬂ.ntod results. A
negative AR, in oxder to 'back up  on the locus, is
useful if it is noted fxrom the printed cutput that a
particular point of interest has just been passed. Alter-
nating use of positive and negative /R with |{AR| decress-
ing also vwill allow for mamual convergsnce to e root with
a epecified K.

V. OUIPUT FORMAT

The results may be typed, punched on caxrds, or both. The
format of off-line printing is the seme as on-line.

Sense Switch 2: ON Type results
Sense Bwitch 3: ON Punch results

A. Data for each point, -vonthnlomuonwutnmm-
s .

X Y GAIN
Re s h‘!. ‘I’.

B. The poles and zexos of ((s) are cutput following their ingut
to identify the results. Preceeding each 1list of ¥ roots, A
is output. 6, is ocutput following &R 1s & g hed been ingut.
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VI. SAMPLE PROBLEM
o(') - 8 + 19.6

s(s + 9+ Ui)(s +9 -4k)

Assume the following output is desired:

1. 5 points on the locus starting at the pole s = 0
with an initial angle of 180 degrees and a &R = 2.0.

2. 5 points on the lccus starting at the
an increment AR = 1.0 continuing with

AR = 005'

Input Dats - 3 cards)

Printed Output

VALUE @F P@LES

.000000E-99
-9.000000E+00
-9.000000E+00

VALUE OF ZER@S
-1.960000E+C1

DELTA R
INITIAL THETA

X
.000000E-99
-2,000000E+00
-4, 000000E+00
-6,000000£+00
-8.000000E+00

DELTA R

=9,000000E+00
-8,318490€+00
-7.6;89185+00
-7.080038€E+00
-605‘883'E+°°

DELTA R

-5,748261E+00
"5'- 5057005‘.'00
-5.276290€E+00

180.0

""o -90 uo 1

.00GGCOE-99
-4 ,005000E+00
L ,000005€+00

.00C00CE-99

2,0000
DEG.

Y
.03u2CIE-99
.GO{CO0E-99
. 0000G0E~99
.03CJ5CE~99
.020C00E-99

1.0000

I, 00051 0E+02
3,263191E+00
z.ugguso£+oo
1.698621E+00
8.709456E-01

.£000

L,510221€-01
4,800138E-01
9.172369E-01
1.361501E+00

75

-19.6 0,

Oc o‘

GAIN
.000000E-99
7.386363E+00
1.051282€+01
1.102941E+01
1.172413E+01

.00J000E-99
.554888E+00
.791001E+00
.038586E+01
.095099E+01

-t = GO\

01978€+01
04028E+01
10832E+01
28243€E+01

i.1
1.1
1.1
1.1

le 8 » =9 + Ui with
more points with

2, -5

180,
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VII. OPERATING INSTRUCTIONS

1.

5.

Clear memory, if desired, as follovs:

Be
b.
Ce

d.

L.

Set all check switches to PROGRANM.
Depress INSTANT STOP and RESET.
Depress INSERT.

Type 16 00010 00000,
(12 aigits, no spaces or punctuation)

Depress RELEASE and START (or the R/S key)

After the MAR lights have cycled through memory at least
once, depress INBTANT STOP.

Depress RESET.

Load the object deck as follows:

d.

Ce

4.
(13

L.

b.

If the computer is not in meamual mode, press INSTANT
STOP and RESET.

Set the OVERFLOW switch to PROGRAM, all other check switches
to STOP.

Clear the card reader by removing any cards in the hopper
and pressing RERADER STOP snd NON-PROCESS NUNOUT. Then
remove sll cards from the stacker.

Put the object deck in the reader hopper.

Depress LOAD.

When the reader stops on the last two cards, depress
READER START.

Remove the cards from the read stacker and check for the
last card.

Set the program svitches

SWITCH o [+ /4
1 Input from typewriter| Input from cards
2 Print output Do not print
,3‘ Punch output Do not punch

For error in typed Formal

Check switches; set the OVERFLOW SWIICE to PROGRAM, all
other check switches to STOP.

76
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viI.

b,

5.

6.

7.
8.

9.

10.

If data cards are to be read (Switch 1 OFF), place two blank
cards after the data deck, place in the read hopper, and
depress READER START.

If output cards are to be punched (Switch 3 ON), place blank
cards in the punch hopper and press PUNCE START.

Set paper in the typewriter three lines delow start of a
nev page. Set typewriter margins to allow for at least 6
characters.

Press START twice. Execution of the program will begin.

If typewriter input is called for, sn identification of the
data to be entered will be typed, then the typewriter will bde
energized. Enter the appropriate data and depress the R/8 key.
If a typing error is made, and it is found before the R/8
key is pressed, it may be corrected as follows:

a. Turn Switch h on.

b. Depress R/S.

¢. Turn Switch 4 OFP

d. Retype the entire line

e. Depress R/S

Note that Switch & must be OFF vhenever information is being
entered at the typewriter, except vhen an error is bdeing
corrected.

If the typing error is not discovered until after R/8 is
pressed, it is too late to correct it.

After the specified N points on the locus have been output,
the program will always begin again and call for nev data.

To manually stop the progrsm at sny time in order to input new
dats, depress INSTANT STOP, RESET, IREERT, RELEASE, START.
Repeat steps 3 through 7.

If the results were punched, the output dats deck may de
removed at the end of computation as follows;

a. Lift the blank cards from the punch hopper.
b. Depress NON-PROCESBS RUROUT for a few seconds.

”
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18
20

21

COMPUTATIGN @F REAT LACI
DIMENSIGN A(25),8f25)
TéL=10E-07

IF (SENSE SWITCH 2) 74,171
IF SENSE SWITCH 3) 74,172
PRINT 173

FORMAT //17HSET SWITCH 2 @R 3,/)

PAUSE

GO T¢ 174

IF{SENSE SWITCH 1)13,9
PRINT 8

FORMAT (//12HN@, @F POLES)
ACCEPT ,K

IF (K) 121,7,5

KOLES = K

PRINT 10

FERMAT (/14HVALUE @F P@
DO 12 J=1,KPLES

AccerT, alJ), BrJ)

PRINT 1

FORMAT (/12HN@, @F ZEROS)
ACCEPT, ERGS

M = KOLES+JERBS

NeKOLES+1

iF (JERGS) 7,7,3

PRINT &

FORMAT /14HVALUE @F ZERQS)
D¢ 6 l=N,M

ACCEPT, A’1),B(1)

PRINT 14

FORMAT ! /SHP@INT)

ACCEPT, XL,YL

THETA=0,0

PRINT 16

FORMAT(/22HDELTA R, N8, @F P@INTS)

ACCEPT, DELR, L
IF(LY120, 158, 156
PRINT 19

FORMAT "/13HINITIAL THETA)
ACCEPT, ANGLE
THETA=ANGLE*, 0174533
G TP 156

READ, K

IF (K) 153,33,18
KOLE S=K

D@ 20 J=1,KOLES
READ, A(JY, BfJ)
READ. JER®S
M=K@LES+JERDS
NeKOLES+1

IF (JEROS) 33,33,21
D@ 2 l=N,M

78
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2k READ, A(1), Bf1)
33 READ, XL, YL
THETA=0,0
153 READ,DELR,L
IF/LS123, 124, 124
123 READ , ARNGLE
THETA=ANGLE*, 0174533
12k IF(SENSE SWITCH 2)127,156
127 1F'K)131,131,90
90 PRINT 10’
D@ 92 Je! ,KBLES
92 PRINT 17, A(J) B(J)
PRINT &
DB 93 l=N,M
PRINT 17, A(1), Bf1)
1 PRINT 136,DELR’
O FBRMAT(/7HDELTA R,F16.4)
IF'LY15k, 156, 156
154 PRINT-151,ANGLE
151 F@RMAT/13AINITIAL THETA,F7,1,7H  DEG.)
156 IF/SENSE SWITCH 3)125,180
150 IF/SENSE SWITCH 2)152.79
79  PRINT 173
PAUSE
GO T@ 156
125 IF'K)132, 132,94
22" FQRMAT (76X, THX, 15X IHY 13X, LHGAIN)
17  FORMAT (E13.6, 3%, £13.6
9k  PUNCH 10
D6 96 Jmi,KOLES
96  PUNCH 17, A’J), B(J)
PUNCH &
D¢ 97 l=N,M
97  PUNCH 17, A’l) BfI)
132 PUNCH 130,DELR
IF'L)352, 152,152
352 PUNCH 15, ANGLE
152 IF'K)252, 95 195
195 PRINT 22
IF/ SENSE SWITCH 3)295,95
295 PUNCH 22
95 X=XL
Ya YL
GANE=0,0
DEL=1,0
Go 19 56
252 IF’DELR*DEL)332 121,230
332 IF(L\230 333 z
333 THETA=THETA+3. 1015927
230" Kel
D=ABS( DELR)

”
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DEL=DELR/D
23 X=wD*CQAS! THETA)+XL
Y=D*SIN{ THETA)+YL
BETA=0,0
D0 29 I=1,M
P=0,0
IF {X=Af1)) 25,26,27
25 P=3,14159265
27 PSI=ATAN( (Y=B( 1)}/ X=A(1)))
32 IF (Y=Bf1)) 28,30,30
28 P=0,0-P
30 BETA=BETA-PSI-P
IF (1-K@LES) 29,31,29
26 PSl-O 0

57079533
GQ 0 32
31 BETA=0,0-BETA
29 CONTlNUE

EPSIL=ABS/BETA)
Ly  EPSIL=EPSIL=6, 2831853
IF (EPSIL) 42,56,Lk4
b2 EPSIL-EPS|L+3 14159265
IF (BETA) h5,46,46
45  EPSIL=0,0-EPSIL’
4 Gg TP (51,530,99),K
51 EE;TH-EPSIL
GO TP 52
30 F (ABS{EPSIL-EPSAL)-1,0E-07) 98,53,53
3 DELTH-EPSIL*ABS(lTHETA-THATA)/'EﬁSIL-EPSAL))
52 IF ‘TPL-ABS(DELTH)) 5k,56,56
L THATA=THETA
EPSAL=EPSIL
IF 70,78539816-ABS!DELTH)) 80,55,55
55 ggE;a—THETA-’DEL*DELTH)
80 IF ’EPSlL) 81,56,8
81 THETA-THETA+0 78539816

Ge TC 23
82 THETA-THETA-O 78539816
GO TH 23
98 §-g
99 IF (EPSIL*DELTH) 100,56,102
100 7=0,5
101  DELTH=(-0,5)*DELTH
G¢ TG 103

102 DELTH=Z*DELTH
103 lF(TﬁL-ABS'DELTH))SS 56,56
56" UPa1
) sé let,M



OE/EE/62-20

WSL Z=SQRT! ( X=Al 1) )% X=A( 1) )4/ Y=B( |} )%/ Y=B! |
pGP¥ISLY R "N "
IF ‘1-K@LES) 58,59,58

59 IF ‘UP) 60,61,60

60 UP=1,0/UP

58  CONTINUE
PGANE=GANE
IF 'UP) 63,62,63

63 GAAN=1,0/UP

163 IF/DEL*!GAAN-PGANE))65,66,66

65 ~ THETA=THETA+1.8

GO T 230
61 GANE=0_,0
G T¢ 64
62 GANE=1,0E50
GO TP 6k
66 GANE=GAAN
64 XL=X
YL=Y

73 IF (SENSE SWITCH 3) 70, 133

70 PUNCH 67, XL, YL, GANE

133 IF (SENSE SWiTCH 2) 71, 75

71 PRINT 67, XL, YL, GANE

67 FORMAT (E13.8, 3X, E13.6, 3X, E13.6)
75 IF "SENSE SWITCH 3) 72,175

175 IF (SENSE SWITCH 2) 72.76

76 K==
G@ T9 121

72 IF'LY 77,78,78

77 L==L

78  LaL-
IF/LY174,174,230
END

81
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APPENDLX C

Dynamic Response for Type Two Phase-Lock Loop

82




GE/ZE/62-20

APPENDIX C

This Appendix contains the step and ramp responses of the Type
Two Phase-lock loop. ‘The following values apply to these curves.

A =20
B =20
K =2
K, =3
K, =5
k, = (289) (.05) G
@ =0

F(S) = K (8 + 01) (S + o6)
8 (S"’l) (3“'05)

G=10 to G =160

Step = .05 radians/sec

Ramp = .05 radians/sec®

The various curves shown on the following pages are from top to bottom.

Qurve Signal Amplityde Scale v/em
1 A SIN co, t 20

2 B SIN e, t 20

3 E 5

L L. as marked

5 yn as marked

The time scale of these curves are 5 sec/am.
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Dynamic Response for Type Three Phase-lock Loop
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ARPEIDIX D

This Appendix oontains step, remp, and parabolic response curves
for the Type Three Phase-lLock Loop. The following values apply to
these curves.

A =20
B =20
=2
= .3
=5
" (289) (.05) @
@ =0

L K (s +.1) (s + 58 + 2.5)
Hs) -:‘*‘ (s* + 8s + 20)

G=60 to G= 300

Step = .05 radians/sec

Remp = .0065 redisns/sec™

Parabolic = .0065 radians/sec’

The various curves shown on the following pages are from top to bottom.

X
/
x-l
X
3
X

Surve dlnal Sunlitade Scale it/ca
1 ASINest 20

2 B SINyt 20

3 L v 2.0

4 A as marked

5 Ln as marked

The time scale of these curves are 5 sec/mm.
103
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